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Abstract 

In this paper, we study in the context of quantum vertex algebras a certain 
Clifford-like algebra introduced by Jing and Nie. We establish bases of PBW type 
and classify its N-graded irreducible modules by using a notion of Verma module. 
On the other hand, we introduce a new algebra, a twin of the original algebra. 
Using this new algebra we construct a quantum vertex algebra and we associate N- 
graded modules for Jing-Nie’s Clifford-like algebra with i?!)-coordinated modules for 
the quantum vertex algebra. We also show that the adjoint module for the quantum 
vertex algebra is irreducible. 


1 Introduction 


In their study of vertex operator realization of symplectic and orthogonal Schur functions, 
as the main ingredient Jing and Nie introduced in [JN] certain vertex operators Y[z) and 
Y* [z) on the algebra of polynomials in inhnitely many variables. They proved that Y[z) 
and Y*{z) satisfy the following relations 

w 

Y{z)Y{w) + -Y{w)Y{z) = 0, 
z 

Y*{z)Y*{w) + -Y*{w)Y*{z) = 0, 
z 

Y(z)Y*(w) + -Y*(w)Y(z) =S(-). 

w \w/ 

In terms of components, these relations read as 


YmYn + Yr,+,Ym-i = o, y:^y: + y:^,y:^_, = o, j 


I , ,-V 


for m, n G Z, where 


riGZ riGZ 

This naturally gives rise to an inhnite-dimensional Clifford-like algebra, which is the main 
object of our study in this current paper. This is one of what are called Zamolodchikov- 
Faddeev algebras in mathematical physics. 
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In this paper, we study this Clifford-like algebra from a vertex-algebra point of view 
and our main objective is to determine its irreducible modules of highest weight type and 
to associate them with vertex algebras or more general quantum vertex algebras. We 
hrst define an abstract associative algebra denoted by A to be the algebra (with identity 
over C) with generators W, Y* for n E Z, subject to the above relations. As for the 
algebraic structure, we establish a basis of PBW type and we classify its irreducible N- 
graded modules, noticing that A is naturally Z-graded. On the other hand, we introduce 
another closely related associative algebra A, and construct a quantum vertex algebra 
in the sense of 1131. which is based on a distinguished ^-module. Finally, we establish a 
canonical association of N-graded ^-modules with 0-coordinated V^-modules in the sense 
of [L5]. 

Now, we give a more detailed account of the contents of this paper. First, we determine 
the algebraic structure of algebra A. To this end, we establish a base of PBW type by 
using the Diamond Lemma. We also use an infinite-dimensional Clifford algebra to obtain 
another base of PBW type. As ^ is a Z-graded algebra with deg W = —n = deg Y* for 
n G Z, we study its M-graded modules. Note that the sum of AnA-n for n > 1 is a (two- 
sided) ideal of the degree zero subalgebra which we denote by I. Set = Aq/I. 
We show that irreducible M-graded ^-modules one-to-one correspond to irreducible ^o- 
modules. Furthermore, we prove that is isomorphic to the group algebra of Z and 
all irreducible ^o-modules are 1-dimensional parametrized by nonzero complex numbers. 
In this way, we have classified irreducible M-graded modules for A. Note that Jing and 
Nie gave an explicit realization of A. In this paper, we show that this ^-module is an 
irreducible N-graded module and there exists a non-degenerate symmetric bilinear form 
which is invariant with respect to a specific involution of A. 

To associate (quantum) vertex algebras to A, we start with its generating functions 
Y(z) and Y*(z). From the defining relations, we see that Y(z) and Y*(z) on N-graded 
^-modules do not satisfy the locality condition which is essential to the construction of 
vertex algebras and modules (see |Llj). Nevertheless, they are S'tri^-local in the sense 
of [L5] . where a theory of what were called (/)-coordinated modules for (weak) quantum 
vertex algebras in the sense of |L3j was developed. It was proved in |L5j that any set of 
^irig-local formal vertex operators on a vector space W generate a weak quantum vertex 
algebra with hF as a faithful 0-coordinated module. It is this result that we shall use to 
associate quantum vertex algebras to algebra A. 

To obtain a concrete association of quantum vertex algebras to A, as the main ingre¬ 
dient we introduce another algebra which we denote by A. By definition, algebra A is 
generated by W, Y* with n G Z, subject to relations 

Y{z)Y{w) + e^-^Y(w)Y{z) = 0, 

Y*{z)Y*{w) + e^-^Y*{w)Y*{z) = 0, 

Y(z)Y*(w) + e^-^Y*(w)Y(z) = vj-^S (-) , 

\w/ 

where Y(z) = Xlnez ■ (Note that this is also a 
Zamolodchikov-Faddeev algebra.) By using an infinite-dimensional Clifford algebra, we 
give a realization of A. It is important to note that the generating functions Y (x) and 
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Y*[x) of A form an iS-local set in the sense of |L3] . Let be the yl-module generated 
by a distinguished vector 1 , subject to relations 

YrA = 0 = for n > 0. 

Set a = ILil, b = YZA ^ using a result of |L3j . we show that there is a weak 

quantum vertex algebra structure on I/ 4 , which is uniquely determined by the condition 
that 1 is the vacuum vector and 

F(a, x) = Y{x), Y{b, x) = Y*{x). 

On the other hand, by using a certain increasing hltration and a result of |KLj . we show 
that 1/4 is an irreducible yf-module. It then follows that V 4 is a (non-degenerate) quantum 
vertex algebra. We achieve our main goal by showing that a restricted ^-module structure 
on a vector space W exactly amounts to a ^-coordinated V^-module structure Yiy{-,x) 
with 

Ywib,x) = Y{x), Yw{b,x) = Y*{x). 

This paper is organized as follows: In Section 2, we hrst dehne the algebra A, and then 
we give a base of PBW type and classify its irreducible N-graded modules. In Section 3, 
we introduce the algebra A, construct a quantum vertex algebra and show that as 
an ^-module is irreducible. Furthermore, we give a canonical association of (/)-coordinated 
modules for 1/4 to restricted ^-modules. 

2 Preliminaries 

In this section, we recall from [L3j and |L5j some basic notations and results on quantum 
vertex algebras and their (/)-coordinated modules, including the conceptual construction 
of (weak) quantum vertex algebras and (/)-coordinated modules. 

Throughout this paper, M denotes the set of nonnegative integers, denotes the 
multiplicative group of nonzero complex numbers (while C denotes the complex number 
held), and the symbols a:, r/, Xi, X2,... denote mutually commuting independent formal 
variables. All vector spaces in this paper are considered to be over C. For a vector space 
U, U{{x)) is the vector space of lower truncated integer power series in x with coefficients 
in U, 17[[a;]] is the vector space of nonnegative integer power series in x with coefficients 
in U, and f/[[x,x“^]] is the vector space of doubly inhnite integer power series in x with 
coefficients in U. 

We begin by recalling the dehnitions of nonlocal vertex algebras and modules (see 

p], m-, cf. 0 , [IE]). 

Definition 2.1. A nonlocal vertex algebra is a vector space V equipped with a linear map 

r(-,x) : V —^ Hom(B,l/((a:))) C (EndV)[[a:, x-^j] 

V I —> Y(v, x) = VnX~^~^ (where G Endld) 
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and equipped with a distinguished vector 1 G id, called the vacuum vector, satisfying the 
conditions that 

Y (1, x)v = V, 

Y{v,x)l eV^x]] and lim F(n, a;)l = n, 

x ->-0 

and that for u,v,w E V, there exists a nonnegative integer I such that 

(xo + X2yY {u, Xq + X2)Y{v, X2)w = (xq + (Y {u, Xq)v, X2)w. 

Definition 2.2. Let Id be a nonlocal vertex algebra. A V-module is a vector space lid 
equipped with a linear map 

Yw{-,x) : V Hom(W,W((x))) C (EndW)[[x, x"^]] 

V I—)■ Yw(v,x) = nX ^ (where Vn E EndlL), 


satisfying the conditions that 

Yw{l,x) = Iw (the identity operator on lid) 

and that for any u,v E V, w E W, there exists a nonnegative integer I such that 

(Xo + X2yYw{u, Xo + X2)Yw{y, X2)w = (Xo + X2yYw{Y[u, Xo)v, X2)w. 

The last condition in Dehnitions l2.ll and l2.2l is usually referred to as weak associativity. 
We recall from |L3j (cf. |L4j . [L5] l the notion of weak quantum vertex algebra. 

Definition 2.3. A weak quantum vertex algebra is a vector space id equipped with a 
linear map Y{-,x) : V ^ Hom(id, E((x))) and a vector 1 G id, satisfying the conditions 
that for V E V, 

Y (1, x)v = V, 

F(n, x)l G id[[x]] and lim y(n, x)l = n, 

x —>-0 

and that for u,v E V, there exists Y 7 i=i ® (8) /i(x) G E 0 id 0 C((x)) such that 

Xq^S ^ ^2) - Xq ^ fi{-Xo)Y (nW, X 2 )E (m^*\ Xi) 

= X2^6 ^ y (X (“) ^o)v, X 2 ). (2.1) 

Note that a weak quantum vertex algebra is automatically a nonlocal vertex algebra 
as the iS-Jacobi identity fl2.ip implies the weak associativity. It is clear that the notion of 
weak quantum vertex algebra generalizes that of vertex algebra and vertex super-algebra. 
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Remark 2.4. Let V he a. weak quantum vertex algebra. A V-module is defined to be a 
module for V viewed as a nonlocal vertex algebra. Let {W, Yy/) be any Id-module. From 
|L 2 ] . for u,v ^V, whenever fl 2 .ip holds, we have 

Yw{u,Xi)Yw{v,X2) -Xq^ 6 '^fi{-Xo)Yw{v^"\x2)Y{u^"\xi) 

= X2^6 ^ YwiY{u,Xo)v,X2). 

Recall that a rational quantum Yang-Baxter operator on a vector space f/ is a linear 
map 

: U ®U ®U ®C{{x)), 

satisfying 

A^2(2:)R13(x + z)S‘^\z) = S‘^^{z)S^\x + z)S^^{x) 

(the quantum Yang-Baxter equation), where for 1 < ^ < j < 3, 

S^^{x) -U ®U ®U ®U ®U ® C((x)) 

denotes the canonical extension of S{x). It is said to be unitary if S{x)S‘^^{—x) = 1, 
where = aS{x)a with a denoting the flip operator on f/ ® 17. 

The following notion of quantum vertex algebra was introduced in |L3j (cf. |EKj ): 

Definition 2.5. A quantum vertex algebra is a weak quantum vertex algebra V equipped 
with a unitary rational quantum Yang-Baxter operator S{x) on 17 such that for u,v G V, 
fl 2 .ip holds with 0 0 fi{x) = S{x){v 0 u). 

The following notion is due to Etingof and Kazhdan (see [EK] 1: 

Definition 2.6. A nonlocal vertex algebra 17 is said to be non-degenerate if for every 
positive integer n, the linear map 

: C((xi)) • • • ((xn)) 0 17®" ^ 17((xi)) • • • ((x,,)) 

defined by 

Znif 0 0 • • • 0 = fY (u^^\ Xi) ■ ■ - Y (u^"\ x„)l 

is injective. 

Remark 2.7. It was proved in |L3] that every non-degenerate weak quantum vertex 
algebra is a quantum vertex algebra with a uniquely determined rational quantum Yang- 
Baxter operator. Furthermore, it was proved therein that if 17 is of countable dimension 
and if 17 as a (left) Y-module is irreducible, then V is non-degenerate. 

Next, we recall from |L5] and |L 6 ] some basic notions and results in the theory of 
^-coordinated modules for weak quantum vertex algebras. In this theory, 0 stands for the 
formal series 4’{x,z) = xe^ G C[[x, 2 ;]], which is what is called therein an associate of the 
1 -dimensional additive formal group (law). 
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Definition 2.8. Let V he a. weak quantum vertex algebra. A (p-coordinated V-module is 
a vector space W equipped with a linear map 


Yw{-,x) : V —^ Hom(hL,hL((a;))) C (EndW)[[a:, 

satisfying the conditions that x) = Iw and that for any u,v ^ V, there exists k E N 

such that 

(xi - X 2 )''Yw{u, xi)Yw{v, X 2 ) E Hom(hL, fL((xi,X 2 ))) 

and 

{X2e'' - X2 )’^Yw(Y{u,z)v,X 2) = {{xi - X2)’'Yw{u,Xi)Yw{v,X2)\xi=X2e-- 
The following result was obtained in |L5] : 

Proposition 2.9. Let V be a weak quantum vertex algebra and let (IT, T^v) be a (p- 
coordinated V-module. Letu,v E V. Suppose thatu^''\ g V, fi{x) E C(x) (1 < i < r) 
such that 

r 

(xi - X 2 )’'Y (m, xi)T(u, X 2 ) = (xi - X 2 )^ ^ X 2 )Txi) (2.2) 

i=l 

on V for some nonnegative integer k. Then 

r 

Yw{u, Xi)Yw{v, X 2 ) - ^ fi{x2/xi)Yw{v^'\x2)Yw{u^"\xi) 

i=\ 



Let IT be a general vector space. Set 

8{W) = Hom(lT,lT((x))) C (EndW)[[x, x”^]]. 

The identity operator on IT, denoted by Ivr, is a special element of £{W). 

Definition 2.10. A subset (subspace) U of £^(1T) is said to be Strig-^ocal if for any 
a(x), 6 (x) G U, there exist 

Ui{x),Vi{x) E U, qi{x) E C(x), i = 1,..., r, 

where C(x) denotes the field of rational functions, such that 

r 

(xi - X 2 )''a(xi) 6 (x 2 ) = (xi - X 2 )'" ^ tx 2 ,xiiqiixi/x 2 ))ui(x 2 )vi(xi) (2.4) 

i=l 

for some k eN, where 

ixi,x 2 ■ C(Xi,X 2 ) -)■ C((xi))((x 2 )) 

is the canonical extension of the ring embedding of C[xi,X 2 ] into the field C((xi))((x 2 )). 
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Let W he a. vector space as before. Let U be any S't^ig-local subset of £{W) and let 
a{x),h{x) G U. Notice that the relation fl2.4p implies 

{xi — X2)’^a{xi)b{x2) G Hom(iy, iy((a:i,a;2))). ( 2 . 5 ) 

Define a{x)^b{x) G (End W) [[x, for n G Z in terms of generating function 

Yi{a{x),z)b{x) = ^(a(a;)^&(a;)) 2 :-”-^ (2.6) 


by 


Y^{a{x), z)b{x) = (xe^ - x) '‘{{xi - xf a{xi)b{x))\^^=^e^, (2.7) 

where k is any nonnegative integer such that fl2.5p holds. 

Let U be an S'^^ig-local subspace of £{W). We say U is Y^-closed if 

a{x)^b{x) G U for all a{x),b{x) G t/, n G Z. 

The following result was obtained in |L5] (Theorem 5.4): 

Theorem 2.11. Let U be any Strig-local subset of £{W). Then there exists a Yf-closed 
Strig-local subspace of £{W), which contains U and Iw Denote by {U)e the smallest such 
subspace. Then {{U)e,Yf, Iw) carries the structure of a weak quantum vertex algebra and 
W is a (j)-coordinated {U)e-module with Yw{a{x), z) = a(z) for a(x) G (D}e. 


3 Clifford-like algebra A 


In this section, we first define the Clifford-like algebra A and we then establish a PBW type 
basis and classify irreducible N-graded .4,-modules by using a notion of Verma module. 
We also prove that the ^.-module given by Jing-Nie is an irreducible N-graded module 
and there exists a non-degenerate symmetric bilinear form which is invariant in a certain 
sense. 

First, we recall from |,TN] the Clifford-like algebra. 


Definition 3.1. The algebra A is defined to be the associative algebra with identity over 
C with generators W, Yf (n G Z), subject to relations 


YraYn + W+lWi-1 — 0, 
w* V* _i_ V* V* _n 

^ m,-'-n ' -‘n+l-'m—1 

r„K* + y-= 


(3.1) 

(3.2) 

(3.3) 


for m, n G Z. 
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Note that for a certain purpose, we made a notational adjustment in the original 
dehnition of |JN] : the generator Y* here corresponds to Yl^ therein. 

It can be readily seen that ^ is a Z-graded algebra with degYn = —n = degY* for 
n G Z. For n G Z, let An denote the homogeneous subspace of degree n. It follows that 
A admits a derivation d such that 

d{Yn) = -nYn, d{Y*) = -nY* for n G Z. (3.4) 

Form generating functions 

Y(z) = Y. y*(^) = Z (3.5) 


Then the dehning relations fl3.1l) - fl3.3p can be written as 


w 

Y{z)Y{w) + -Y{w)Y{z) = 0, 
z 

(3.6) 

Y*{z)Y*{w) + -Y*{w)Y*{z) = 0, 
z 

(3.7) 

Y(z)Y*(w) + -Y*(w)Y(z) =6(-). 

w \w/ 

(3.8) 

As the first result, we have: 


Proposition 3.2. The following vectors form a basis of A: 


V V V* V* 1 

mi ■ ■ ■ -' rrir m ■ ■ ■ ■' ris ' ; 

(3.9) 


where r, s > 0, rrii, rii G Z, satisfying the condition 


mi > m 2 + 1 > • • • > m^ + (r — 1) and rii > 77-2 + 1 > • • • > + (s — 1). 

Proof. We hrst prove that A is linearly spanned by these vectors. Let Ay denote the 
subalgebra generated by W for n G Z and let Ay* denote the subalgebra generated by Y* 
for n G Z. Due to relation fl3.3p . we have A = Ay Ay*. Then it suffices to prove that Ay 
and Ay* are linearly spanned by those vectors in fl3.9p with s = 0 and r = 0, respectively. 
Let m = (mi, m 2 ,..., m^) be an ordered r-tuple of integers. We write Wn for 
For each pair (i, j) with 1 < i < j < r, we assign a reverse number 1 if 
mi < mj + {j — i) and 0 otherwise. Then define the total reverse number iV(m) to be the 
sum of the reverse numbers for all the pairs {i,j)- We see that N{m) = 0 if and only if 
mi > m^+i + 1 for all 1 < i < r. Assume W(m) > 0. Then there exists 1 < z < r such 
that mj < mj+i + 1. We have 

Wn ■ ■ ■ dfni—i ) hmi_|_2 ’ ’ ’ (hmi+i + lWrei —l) hmi_|_2 ’ ' ' y 

where 

W(m) = N{mi,..., mi_i, mj+i + 1, mj - 1, mj+ 2 , • • •, mr) + 1. 

Then it follows from induction (on the reverse number) that Ay is linearly spanned by 
1 and Dm where m G Z^ for r > 1 with W(m) = 0. Note that for m G Z, since 









YmYm -1 + YmYm-i = 0 , wc liave YmYm-i = 0 . Then Ay is linearly spanned by those 
vectors in fl3.9p with s = 0 . Similarly, Ay* is linearly spanned by those vectors in fl3.9p 
with r = 0 . Consequently, A is linearly spanned by the vectors in 03.91) . 

To establish the linear independence, we apply the Diamond lemma (see [Bej ). Notice 
that the following are all the ambiguities: 


V V V, V V*!^*!^* 

-tm-tn-t/c? J-pJ-mJ-n-, ^ n ^ ^ n ^ k i 

where m^n^k^p G Tj with m<n + l<k + 2. We have 

(,^7n^n)^k ^n-\-l^m—l^k ^n-\-l^k-\-l^m—2 '^k+2^n^m—2') 

^my^k-\-l^n—l ^k-\-2^m—l^n—l 2 : 

SO the first ambiguity can be resolved. Similarly, the last ambiguity can be resolved. For 
the second ambiguity, we have 

= -y;y;+Wfn-i = - Wi,on.-i 

^rt^7n—2^p-\-2 1 : 


^n^m—2^p-\-2 ^n-\-p-\-l,0^m—l d* ^m-\-p,0^n' 

Thus the second can be resolved. The third ambiguity can also be resolved as 

_ _V* V* V _ V* V V* _ A V* 

K-^m-^nJ-^p n+l-^ n+1p-1m ^p+m-1,0n+1 

= ~^p-2Yn+2^m + ^p+n,oY^ — (5p+m-l,ob"„*+l, 


-y* 

n P 


V v;+l + ^+n,oK 


y* — A 


^p—2^m+l ^ n+1 

-Fp_ 2 f;+ 2 >;: - 


'p+m— 1 , 0^+1 


p+m 


-pod; 


n+1 


+ <^p+n, 0 ^m 
+ ^p+n,oVn. 


Then it follows from the diamond lemma that those vectors are linearly independent. □ 

Next, we recall from |JN] the explicit vertex-operator realization of A. Let 'H be 
the inhnite-dimensional Heisenberg algebra with base {a„ | n G Z\{0}} U {c} such that 
[c, Tf] = 0 and 

[a™, an] = m5m+nfiC for m, n e Z\{ 0 }. 

We know that % acts irreducibly on polynomial algebra C[a;i, 0 : 2 ,... ], which is denoted 
by M(l), with 

c = 1, On = n— —, a_„ = Xn for n > 1. 

OXn 
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It was proved in [JNj that M(l) is an ^-module with 


Y(z) = exp exp L . (3-10) 

y( 2 ) = (1 - exp g j exp ^(x- + x”)j , (3,11) 

Let V denote the set of all partitions, where a partition is a sequence of non-increasing 
nonnegative integers with only hnitely many nonzero terms. For a partition A, the number 
of nonzero terms is called the lengthy while the sum of all terms is called the weight, denoted 
by |A|. For A = (Ai, A 2 ,..., A^) G V, set 

K_x = K_x,y_i,-..K_v, Y1, = Y\Y\---Y\. (3.12) 

For a partition A, denote by A' the dual of A. It was proved therein that 

. 1 = • 1 (3.13) 

for X eV, and moreover, {FLa ■ 1 | A G V} is a base of M(l). In this realization, we have 

dAi • 1 = • 1 = ^n,ol for n > 0. (3.14) 

Remark 3.3. As we need, we here introduce an associative algebra. Let C denote the 
associative algebra with identity over C, generated by a^, bn {n El), subject to relations 

Ojn^m b; b? bnOjra ^m-l-n- 1 - 1,0 for 777,, 77 G 

Algebra C can be defined alternatively as the Clifford algebra of the vector space with 
basis {a„, | ri G Z} equipped with the non-degenerate symmetric bilinear form (•, •) 

dehned by 


(OriX) ®n) b (pm, bn), (Ojmybn) fo^ Tfl,Tl G Z. 

It is well known that C has a basis consisting of vectors 

®mi ■ ■ ■ OjiriAni ' ' ' bus ' 1 (3.15) 

for r, s > 0, rrii, rii E'L with 777i < m 2 < • • • < 777 ^ and 77i < 772 < • • • < Ug. 

Next, we use Clifford algebra C to give another realization of A. From the dehning 
relations, it can be readily seen that C admits an automorphism a such that 

a{an) = ttn+i, cr{bn) = bn-i for 77 G Z. 

Let C[((j)] be the group algebra of the group (a) generated by a. Then we have a smash 
product CtlC[((T)], where C'^<C[(a)] = C 0 C[(ct)] as a vector space and 

(u 0 o'™')(n 0 cr"') = ua^{v) 0 for u,v E C, m,n E'L. (3.16) 

We have: 


10 



Lemma 3.4. There exists an algebra homomorphism n from A to C'^'C[{a)] such that 
niYn) = On® cr, niY*) = bn ® for n e Z. 

Proof. Set An = On® c, Bn = bn® o'~^ for n E Z. It is straightforward to show that 

AmAn ~\~ An-\-\Am—\ 0, 

BmBn ~\~ Bn-\-lBm—\ = 0, 

AmBn ~\~ -Bn—l^m+1 ~ <^m+n,0 fo^ ^ ^ Zj. 

For example, we have 

AmBn + Bn-lAm+i = <8) Cl) (6„ 0 (T"^) + (6„_1 (g) (a^+i 0 O') 

— Q-mbn—l 0 1 “ 1 “ bn—iam 0 1 

^m+n+1,0- 

Then it follows. □ 

Using algebra homomorphism n we obtain another PBW type basis of A. 
Proposition 3.5. The following vectors form a basis of A: 

Ym,---YmYl---YlA, (3.17) 

where r, s > 0, Ui G Z, satisfying the condition 

mi < m2 < ■ ■ ■ < mr and ni < n2 < ■ ■ ■ < Ug. 

Proof. It is clear that Clifford algebra C is a Z-graded algebra with 

degOji = 1 and deg6„ = —1 for n E Z. 

For k E Z, denote by C{k) the homogeneous subspace of degree k. We see that C{k) is 
linearly spanned by vectors 

■ ■ ■ ®mr^ni ' ' ' ^n^ ' 1 (3.18) 

for r, s > 0, mj, Ui E Z with r — s = k, mi < m 2 < ■ ■ ■ < mr and ni < n 2 < ■ ■ ■ < Ug. 
From the dehnition of tt we have 

n{A) C C{k)®Ca'^ cC^C[{a)]. 

kez 

In particular, for any r, s > 0, mi, ..., mr, ni,... ,ng E Z, we have 
niYmr--YmrY:^---Yl) 

= (flmi 0 0-){am2 0 Ct) ■ ■ ■ {Omr ® 0-)(&ni 0 ' ' ' (&n, 0 

(®mi®m2+l ■ ■ ■ 0'mr+{r—l) ® ^ )(^ni^n2+l ' ' ' ^ns+(s—1) ® ^ ) 

®mi®m2+l ' ' ‘ ®mr.+(r—l)^ni—r^n2+l—r ‘ ' ' ^ns + (s—1)—r 0 ^ • (3.19) 

From this we see that 

7r(.4,) = (U(n) 0 Ca”). 

It then follows. □ 
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Definition 3.6. An ^-module W is said to be restricted if for every w & W, YnW = 0 = 
Y*w for n sufficiently large, or equivalently, if Y(x), Y*{x) G £{W). 

Recall that .4, is a Z-graded algebra with degfA = —n = degF^* for n G Z, where for 
n G Z, An denotes the homogeneous subspace of degree n. Set 

A- = (3.20) 

Notice that Aq is a subalgebra of A and the subspace denoted by Jq, is a 

(two-sided) ideal of Aq. Set 


— (3-21) 

Remark 3.7. We here show that there is a natural one-to-one correspondence between the 
set of the equivalence classes of M-graded irreducible 4,-modules and that of irreducible 
4o-modules. Let W = ©„6NhL(^^) be any N-graded 4-module with hL(0) ^ 0. Then 
W{0) is an 4o-module and (4„4_„)1V(0) = 0 for n > 1. Consequently, 1T(0) is naturally 
an 4o-module. If W (as a graded module) is irreducible, then W (0) is an irreducible 40- 
module and hence an irreducible 4o-module. On the other hand, let U be an 4o-module. 
Then U is naturally an 4o-module such that (4„4_„)1T(0) = 0 for n > 1. Let 4_ act 
trivially on U, making U an (4_ -|-4o)-module. View f/ as a Z-graded (4_ -|-4o)-module 
with U = 17(0). Form an induced module 

M_a{U) = 4C)(yi_+yiQ) t/, (3.22) 

which is a Z-graded 4-module. In fact, it is M-graded. From definition, the degree 0 
subspace of M_a{U) is the quotient space of 4o <8) f/ by the subspace spanned by 

ab®u — a®bu, xy ® u — x ® yu {= xy ® u) 

for a, 6 G 4o, u & U and for x G 4^, y G 4_„ with n > 1. We see that the degree 
0 subspace of M_a{U) is 4o ©yio U = U. If 17 is irreducible, then has a unique 

irreducible graded quotient module Lj^{U) with U as the degree 0 subspace. 

Lemma 3.8. Let W be an A-module and letwEW such that YnW = 0 = Y*w for n > 1. 
Then 4_ • tc = 0. 

Proof. It suffices to show that A-kW = 0 for A; > 1. In view of Proposition 13.51 A-k is 
linearly spanned by those vectors in fl3.17l) with r, s > 0, m*, Ui E Z, satisfying r -t- s > 1, 


mi < m2 < • • • < rOr, rii < n2 < • • • < Ug, 

and mi -|- m 2 m^ -|- ni -f • • • -t- = k. We now show that Xw = 0 for every 

such vector X by induction on r -|- s. If s = 0, we must have m^ > 1, so that Xw = 0. 
Similarly, we have Xw = 0 if r = 0. Thus it is true for r -(- s = 1. Assume r, s > 1. If 


12 




Hg > 1, we also have Xw = 0. Suppose Ug < 0, which implies that < 0 for 1 < i < s. 
Then > 1. Using the dehning relations of A, we have 


Y Y*Y 

m,. m n2 


v* __V* V 


rrir ^ n2 ^ Us ^ n\ — l^ '^r-\-^^n2 ^ ris n2 

V* V* V V* . . . V* _ A V* V* . . . V* J_ A 

np —1 n2 —1 ^r+2723 ^ ris ^'^r-\-^-\-'n2,0^ m — l^ ^ ris ' 

/ -I \s\^* 

^ni-l^n2-l' ' ' ^n,-l^r 


* 

n2 


V* -U A V* . . . V* 

r?,o ' ^mr-\-ni-,0^ n2 ^ tl 


I Y* 

mr+ni,0-‘ 722 


^ mr+5 

+5^,^,nY:.--Y:+(-iY-A 


Y* 


s-1 

+„ ■ ■ • nv 

i=i 

It then follows from this and induction hypothesis that Xw = 0. 
We have the following characterization of algebra 


(3.23) 

□ 


Proposition 3.9. The algebra Aq is isomorphic to the algebra generated by Yq and Yq*, 
subject to relation YqYq = YqYq = 1. Eguivalently, Aq is isomorphic to the group algebra 
C[Z] ofZ. 


Proof. Set 


F = Uo + /o, Y* = Yf + IoeAo. 


From the third dehning relation of A we have 


FoUo* + WiUi = 1, U-iUr + Uo*>o = 1. 

It follows that YY* = U*? = 1 in ^o- Next, we prove that Aq is generated by Y and 
y*, which amounts to 


A = (Uo,yo*)+^o, (3.24) 

where (Yo^Ug*) denotes the subalgebra generated by Yq and Yg*. Note that in view of 
Proposition 13.51 Aq is linearly spanned by the vectors of the form 




Y Y Y Y* Y* Y* 

mi m2 * ‘ ‘ mr m n2 ‘ ^ ris’’ 


where r, s > 0, rrij, Ui G 7^ with mi < m 2 < • • • < rur, ni < n 2 < ■ ■ ■ < Ug, and 


mi + m 2 H-h m^ + ni + ^2 H-h = 0. 

We hrst consider the case with r > 1, s = 0: X = YmfYm^ ■ ■ - Ym^. Since mi < m 2 < 

• • • < m^ and mi + m 2 + • • • + m^ = 0, we have m^ > 0. If m^ = 0, we have mi = m 2 = 

• ■ ■ = m^ = 0, so that X = Yf E (Yg, Yg*). If m^ > 1, we have 

x = e/g. 

Analogously, if r = 0, s > 1 we have X G (Ig, Yg"). 
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Now consider the case with r, s > 1. We shall use induction on r + s. For r + s = 2, 
we have X = YmYZm with m G Z. If m < 0, we have X G Jq by dehnition, and if m > 0, 
we have 

YmY*^ = -Y*^_^Ym+i + 1 = 1 mod Jq. 

Assume that r + s > 2. If > 1, we have 

^ y;. e i«- 

If Us = 0, it follows from the induction hypothesis that 

y„j„ ■ ■ ■ y^xijz ■ ■ ■ e {y«, y«) + h, 

so that 

V = ■ ■ ■ y„-_.)ro e (r„,r„*> + /o. 

Now assume Us < 0. Then rii,... ,ns <0. As mi + • —hm^ + ni + • —h= 0, we must 
have fUr > 1, recalling that mi < m 2 < • • • < rrir- We have (see fl3.23p l 


\Y \+* AX* AX* 

j mr m n2 ‘ ‘ ns 

— V* V* V 

\ ^ ni—1^ n2 — l ris —1nir+s 

• 712 


ni —i n 2 - 

+^™,+«.,oy' ■ ■ -y' + (-1)—i„,+.-i+„..„y* _,y„V. 


Y* 


s-l 

E 

i=i 




nir+j+njfiJ^ m 


Y* .. . Y* Y* ■ ■ ■ Y* 

/ 1 O-'m— 1 ■ ■ ■ -' »^j+2 ' '' rig- 


Notice that 


Y Y Y* Y* 

mi ■ ■ ■ -' nir-i ■ m-l-' n2-l 


Y* Y 

Us-l^ •m-r + s 


^ Iq 


as nir + s > 1. It then follows from the induction hypothesis that X G (Xq; Yq) + Iq. 
Therefore, Aq is a commutative algebra generated by Y and Y*, satisfying relation YY* = 
Y*Y = 1. Consequently, Aq is a quotient algebra of the group algebra C[Z]. 

Next, we show that Aq is isomorphic to C[Z] by constructing enough irreducible mod¬ 
ules. From Jing-Nie’s realization of A on M(l), we have Xil = 0 = Y*1 for n > 1 and 
XqI = 1 = Xg*l. By Lemma 13.81 we have A- -1 = 0, which also implies Jq • 1 = 0. It 
then follows from fl3.24p that Cl is an irreducible Xo-module on which Yq and Xg* act as 
scalar 1. Let /i be any nonzero complex number. It can be readily seen that A admits an 
automorphism such that 


'A(Xn) = /iX„ and r^(X„*) = p ^Y* for n E Z. 


(3.25) 


Then it follows immediately that Aq admits a 1-dimensional module on which Xg and 
Xg* act as scalars /i and /i“^, respectively. This implies that 1, X”', (+*)”■ for n > 1 are 
linearly independent. Consequently, we have Aq — C[Z]. □ 

For any nonzero complex number p, we have a 1-dimensional irreducible Xo-module 
C^ on which Xg acts as scalar /i and Xg* acts as scalar /i“^. On the other hand, since Aq 
is a commutative algebra of countable dimension over C, all irreducible Xo-modules are 
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1-dimensional. Therefore, for /i G exhaust the irreducible ^o-modules. For /i G C, 
let M_a{h) denote the (generalized) Verma ^-module M_a{U) with t/ = (recall fl3.22p h 
Furthermore, let T^(/i) be the quotient module of by the maximal M-graded A- 

submodule. 

To summarize we have: 

Theorem 3.10. A-modules for /i G form a complete list of irreducible N-graded 

A-modules up to isomorphism. 

For the rest of this section, we prove that M(l) is an irreducible N-graded .4,-module 
and there is a non-degenerate symmetric bilinear form that is invariant in a certain sense. 
First of all, it is straightforward to show that algebra A admits an involution (an order 2 
anti-automorphism) 6 which is uniquely determined by 

e{Y^) = Yf^, e{Y:)=Y_^ fornGZ. (3.26) 

For any (left) 4,-module W, we equip W* with a (left) 4,-module structure given by 

{af){w) = f{6{a)w) for a G 4, / G W*, w eW. (3.27) 

A bilinear form (•, •) on an 4-module W is said to be invariant if 

{au,v) = {u,6{a)v) for a G 4, u,v eW. (3.28) 

Recall that is an N-graded 4-module with 1-dimensional degree-zero subspace 

C. Denote by Vi the generator 1 (an element of C) of the 4-module M_ 4 (l). Just as with 
Verma modules for hnite-dimensional simple Lie algebras, one obtains a symmetric invari¬ 
ant bilinear form (•, •) on such that (ui,ui) = 1. We have (ilL 4 (l)m, M 4 (l)„) = 0 

for m, n G N with m ^ n, where denotes the homogeneous subspace of degree 

m. It then follows that any proper graded submodule is contained in the kernel of (•, •), 
so that (•, •) is reduced to a symmetric bilinear form on the quotient module. This gives 
rise to a non-degenerate symmetric invariant bilinear form on the irreducible N-graded 
module L_a{1). 

Furthermore, we have the following results on 4-modules and M(l): 

Theorem 3.11. As A-modules, we have Tyi(l) = M_a{1)/J ~ M{1), where J is the 
A-submodule of generated by vectors 

- (-l)I^IV>i (3.29) 

for X eV, where X' is the dual of X. Furthermore, there is a non-degenerate symmetric 
invariant bilinear form (•, •) on M(l) with {V-a1 |A G V} as an orthonormal basis. 

Proof. First of all, by fl3.14p there exists an 4-module homomorphism vr from M_ 4 (l) onto 
M(l) with 7r(ui) = 1. Recall that for A = (Ai, A 2 ,..., A^) G V, the weight of A is dehned 
to be |A| = Ai J- A 2 + • • • + Ar. Then Y_xVi is of degree |A|. A simple fact is that A and 
its dual A' have the same weight. It then follows that J is a graded submodule. Set 

M^(l) = M^(l)/J, 
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which is an N-graded ^-module with 1-dimensional degree-zero snbspace. Denote by hi 
the image of V\ in In view of relation fl3.13p . we have J C kervr, so that the A- 

modnle homomorphism tt reduces to a homomorphism from M_a(1) onto M(l), denoted 
by 7f. We next show that vf is actually an isomorphism. 

It follows from the definition of J and the P-B-W basis (Proposition ESI ) that M^(l) 
is linearly spanned by vectors 


F_Ahi (AgP). 


(3.30) 


We claim 


{Y_xVi,Y_^Vi) = 6x,f, for A,/i e P. (3.31) 

Let 

A = (Ai, A 2 ,..., A,.), /i = (/ii, /X2, ■ ■ ■, /^s) G P, 
where A^, /ij are positive integers such that 

Ai > A 2 > • ■ • > Ar and fii > Y ■ ■ ■ > fig- 
Suppose Ai 7 ^ p. 1 . By symmetry, we may assume Ai > /ii. Then we have 

{Y_xv,,Y_^v,) = {Y_x,Y_x,---Y_xAi,Y.^,Y_^,---Y_^Ai) 

= {Y.x, • ■ ■ P-AWi, y;:j.,,y.,, ■ ■ ■ Y_,Ai) 

= 0 , 


noticing that as Ai -|- i > /ij+i for z = 0,..., s — 1, 

y;.y_„y_„ • • ■ y .^ v , = -y_„_iy,y • • ■ y_„.ei = ■ • • 

= (-i)'y_^,_,y_„_,... y_„,_ = 0 , 

On the other hand, if Ai = /zi, we have 
(r_Ahi,F_^hi) 

= {y_A... ■ y_v®i. yA‘.y-„y-^. • ■ ■ y-,..®.) 

= -(y_A. ■ ■ ■ y_A.®i, y_„_iyAy ■ ■ ■ y _^ v ,) + ( y .,, ■ ■ ■ y_A,®i, y_^, ■ ■ ■ y_,..®i) 
= (y-AA---y-A.®i.y-„---y_„,si), 

noticing that ■ ■ ■ Y^^Ai = 0 as before. Then fl3.31l) follows from induction. Now, 

with fl3.31|) we conclude that Y_xVi for A G P form a basis of M^(l), which is orthonormal 
with respect to the bilinear form (•,•). Thus M_ 4 (l) must be an irreducible N-graded 
module as any proper graded submodule is contained in the kernel of the bilinear form. 
Consequently, the homomorphism vr from onto M(l) is an isomorphism, which 

implies that M(l) is an irreducible N-graded ^-module. Now, the proof is complete. □ 

Let /i be a nonzero complex number. Recall from fl3.25p the automorphism of 
A. Denote by p the representation of A on M(l). As L_ 4 (l) ~ AL(1), it follows that 
~ (M(l),p o r^). Then we immediately have: 
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Corollary 3.12. For any nonzero complex number ji, define 


gdimgL^(/x) = ^dim(L^(/i)„)g”. 

nCN 


Then 


gdimgL^(/i) = |Pn|g", (3.32) 

nGN 

where Vn denotes the set of partitions X of weight n. 


4 Associative algebra A and quantum vertex algebras 

In this section, we introduce a new associative algebra A and study its vacuum modules. 
To A, we associate a quantum vertex algebra V_^, which is proved to be an irreducible 
quantum vertex algebra. Furthermore, we establish a canonical one-to-one correspondence 
between restricted .4,-modules and (^-coordinated V^-modules. 

Definition 4.1. Let A denote the associative algebra with identity over C generated by 
Yn, yfi {n E T>), subject to relations 

Y{z)Y{w) + e^-^Y(w)Y(z) = 0, 

Y*{z)Y*{w) + e^-^Y*{w)Y*{z) = 0, 

YizWYw) + e^-'^YYwWiz) = w-^5 (-) , 

\w/ 

where 

Y{z) = Y,y„z-’'-\ = (4,4) 

nGZ 


(4.1) 

(4.2) 

(4.3) 


Remark 4.2. Note that in terms of components, relations fl4.ip - 04.31) amount to 


k^i>0 ^ 

Y*Y* + 

™ ^ ^ k\\i 

k,i>0 ^ 

k,i>0 ^ 


— 0 , 


r_i YY* Y* = n 

I y) ^ n+k—i-'-m+i 


{ — lyYAjXm+k-i — dm+n+1,0 


(4.5) 

(4.6) 

(4.7) 


for m,n G Z. As the expressions on the right-hand sides are infinite sums, rigorously 
speaking A should be defined as a topological algebra. Also, notice that in contrast to A, 
A is not a Z-graded algebra with deg Yn = n and deg Y^ = n ior n E Iz. 
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Definition 4.3. A nonzero vector v of an .A-niodule is called a vacuum vector if YnV = 
0 = Y*v for n > 0, and a vacuum A-module is an .4,-niodule W together with a vacuum 
vector V which generates W as an .4,-module, i.e., W = Av. 

Next, we relate A to A. Let W he a. restricted 4,-module and set Uw = {Y{x), Y*[x)}. 
From (I3.6h - (l3.8p . we have that Uw is an Strig-^ocal subset of £{W), noticing that (1 — 
z/w)6{z/w) = 0. Then by Theorem 12.111 Uw generates a weak quantum vertex algebra 
{Uw)e in£{W). 

As our first result of this section we have: 


Proposition 4.4. Let W be a restricted A-module and let {Uw)e be the weak quantum 
vertex algebra generated by the Strig-local subset Uw = {Y{x),Y*{x)} of £{W). Then 
{Uw)e is an A-module with Y{z) and Y*{z) acting as Yf{Y{x),z) and Yf{Y*{x),z), 
respectively. Moreover, {{Uw)e, ^w) is a vacuum A-module. 

Proof. From |L5j (Proposition 5.3), with relations fl3.6p - fl3.8p we have 

Yi{Y{z),zAYf{Y{z),zA = -U^-^^Yf{Y{z),Z2)Yi{Y{z),zA, 
Yf{Y*{z),zAYfiY*iz),Z2) = -U--^^Yf{Y{z),zAYf{Y{z),zA, 

{z, - zAYi{Y{z), zAYi{Y*{z), zA = -{zr- zAU^-^^Yi{Y*{z), zAYi(Y(z), z,). 

Furthermore, with the last identity (iS-locality) we have 


= zPs('^^^)y,‘(V/(V(z),zo)Y-(z),zz). (4.8) 

Using Lemma 6.7 of [L5], together with relations fl3.6l) - fl3.8p . we obtain Y{zAY*iz) = 0 
for n > 1 and 

Y{zAY*{z) = Res,,(^z-^Y{zi)Y*{z) + z-^^Y*{z)Y{zA) 

= Res^j2:“^(5 j 
= 1 (= Iw)- 

Then applying Res^o to (14.8p . we obtain 


YfiYiz), zAYiiYAz), Z2) + U^-^^YiiYAz), Z2)Yi{Y{z), z^) 


= Z2 ^5 


= Zo 


Yi{Y{zAYAz),zA 
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Thus, {Uw)e is an ^-module with Y(z) and Y*{z) acting as Y^(Y (a;), z) and Y^{Y*{x)^ z), 
respectively. Since the weak quantum vertex algebra {Uw)e is generated by Y{x) and 
Y*[x), we see that {Uw)e as an ^-module is generated from Iw- With Iw being the 
vacuum vector of the weak quantum vertex algebra {Uw)e, we also have Y (x)® = 0 = 

Y*{x)'^lw for n > 0. Therefore, {{Uw)e, ^w) is a vacuum yf-module. □ 

Remark 4.5. Recall from Remark 13.31 the Clifford algebra C. Let J+ be the left ideal 
generated by a„ and bn for n > 0. Set Vc = C/J+, a left C-module. Furthermore, set 

1 = 1 + J+ G Vc and a = a_il, b = 6_il G Vc- 

Then (cf. [FFRj ) there exists a vertex superalgebra structure on Vc, which is uniquely 
determined by the condition that 1 is the vacuum vector and 

Y(a, x) = a(x) =anX~'^~^ and Y{b,x) = b{x) = 'y^bnX~^~^. 

n&, nGlt 

In fact, Vc is a simple vertex operator super-algebra. 

Let R be a general vertex super-algebra. Recall from |L7j that a pseudo-endomorphism 
of 1/ is a linear map A(a;) -.V^V® C((x)) such that 

A(a;)l = 1 and A(x)Y(u, z)v = Y(A(x — z)u, z)A(x)v foru,veV. (4.9) 

View C((a;)) as a vertex algebra with 1 as the vacuum vector and with 

= e-^^f(x) = fix- z) for fix) G C((x)). 

We identify C-linear maps from V to R (8) C((a;)) with C((a;))-hnear endomorphisms of 
R ® C((a:)). It was proved in |L7] that a pseudo-endomorphism of R, considered as a 
C((a;))-hnear endomorphism of R ® C((a;)), exactly amounts to an endomorphism of the 
tensor product vertex algebra R (8) C((a;)) over C. Then one can dehne the notion of 
pseudo-automorphism of R in the obvious way. 

For the vertex super-algebra Vc we have: 

Lemma 4.6. For any nonzero fix) G C((a;)), there exists a pseudo-automorphism Afix) 
ofVc, which is uniquely determined by 

Afix)a = a ® fix), Afix)b = b®fix)~^. 

Furthermore, we have 

Afix)Agiz) = Afgix) = Agiz)Afix) for f,g e CHx))^. (4.10) 

Proof. The uniqueness is clear as Vc as a vertex super-algebra is generated by a and b. 
For the rest, we first prove that for any nonzero fix) G C((x)), there exists a pseudo¬ 
endomorphism Afix) of Vc with the desired property and then prove that fl4.10p holds. 
Given any nonzero fix) G C((a;)), we have 

R(a (8) fix), z) = Y (a, z) ® fix - z), R(6 ® fix)~^, z) = Y (6, z) ® fix - z)~^. 
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Then 


F(a (g) f{x), Zi)Y (a 0 f{x), Z 2 ) + V(a0 f(x), Z 2 )V(a 0 f(x), Zi) = 0, 

F(6 0 f{x)~^, Zi)Y (6 0 f{x)~\ Z 2 ) + Y{b® f{x)~^, Z 2 )Y(b 0 f(x)~\ Zi) = 0, 

F(a 0 f{x), Zi)Y{b 0 /(a;)"\ Z 2 ) + F(6 0 /(a;)"\ Z 2 )Y (a 0 f{x), Zi) 

= (Y (a, Zi)Y (6, 2 : 2 ) + (b, Z 2 )Y (a, Zi)) 0 f{x - Zi)f{x - 

= 10 Z^^6 f{x - Zi)f{x - Z 2 )~^ 

= (1 0 l)z^^6 ■ 

It follows from the construction of Vq that there exists a homomorphism <I)j of vertex 
super-algebras from Vc to Vc0C((a;)) such that ^/(a) = a® f{x) and $/(&) = b® f[x)~^. 
Furthermore, <I>j gives rise to an endomorphism of vertex super-algebra Vc0C((a;)). This 
proves the existence. As a and b generate Vc as a vertex super-algebra, fId.lOp follows 
immediately. It is clear that Af{x) = 1 for f{x) = 1. Consequently, Af{x) is a pseudo¬ 
automorphism for every nonzero f{x). □ 

In view of Lemma [4.6[ there exists a pseudo-automorphism A (a:) of Vc such that 

A(a;)a = a0e“T A{x)b = b ® 


and we have 

A(x)y(a, z) = (a, z)A{x), A{x)Y{b, z) = e^^^-^^Y{b, z)A{x). (4.11) 

Using this we obtain the following realization of A on Vc: 

Proposition 4.7. There exists an A-module structure on Vc such that 

Y{x) = Y{a,x)A{x), Y*{x) = Y{b,x)A{x)-\ (4.12) 

Furthermore, 1 is a vacuum vector of Vc viewed as an A-module. 

Proof. Set 

A{x) = Y{a,x)A{x) and B{x) = Y{b, x)A{x)~^, 
acting on Vc. We need to prove 

A{z)A{w) + e^-^A{w)A{z) = 0, 

B[z)B{w) -F e^-^B{w)B{z) = 0, 

A(z)B(w) + e^~'^B(w)A(z) = w~^6 ) . 

\w/ 
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This is straightforward. For example, using fld.lip we have 


A{z)B{w) + e^-^B{w)A{z) 

= F(a, z)/A{z)Y{h, w)/A{w)-^ + e^-^Y{b, w)A{w)-^Y{a, z)A{z) 

= Y{a, z)Y{b, w)e^^^-^^A{z)A{w)-^ + Y{b, w)Y{a, z)e"^^^-^^A{w)-^A{z) 

= z-^6 0 ) e^^^-^^A{z)A{w)-^ 

= z~^6 e°A(r(;)A(ta)“^ 

where we are using the fact that A(ta)“^A( 2 :) = A( 2 ;)A(t(;)“^ and the basic delta-function 
substitution property. □ 

Note that Proposition 14.71 gives us a (nonzero) vacuum A-module. Next, following 
[L4] we show that there exists a vacuum A-module that is universal in the obvious sense. 
First, let T be the free associative algebra with identity over C with generators Yn, Y* 
for n ^'L. Denote by T+ the subspace of T linearly spanned by the vectors 


for r > 1, G {Y,Y*}, rii G Z with ni > 0. Set J = TT+, a left ideal 

of T, and then set Vr = T/TT+, a left T-module. It is clear that for any w E Vt and 
for a G {Y,Y*}, ttnW = 0 for n sufficiently large. Then define to be the quotient 
T-module of Vr by the relations fl4.5p - fl4.7l) . One sees that is naturally an A-module. 
Let 1 denote the image of 1 in V)|. 

Set 


a = Till, b = Y*^l G 14 . 


(4.13) 


We have: 

Proposition 4.8. The A-module with vector 1 is a vacuum module which is uni¬ 
versal in the obvious sense, and there exists a weak quantum vertex algebra structure 
on V^, which is uniquely determined by the condition that 1 is the vacuum vector and 
Y{d,z) = Y(z), Y{b,z) = Y*{z). Furthermore, for every restricted A-module W, there 
exists a V^-module structure Yw{-,z) on W, which is uniquely determined by Yw{d,z) = 
Yiz), Ywib,z) = Y*{z). 

Proof. Let if be a vector space with basis {a, 6} (where d and b are just considered as 
two symbols). Define a linear map S{x) *C[[a;]] by 

S{x){d ® a) = —a ® a ® e*, S{x)(b ®b) = —b®b®e^, 

S{x){d ®b) = —d ®b® , S{x)(b ® d) = —b® d® e~^. 
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Note that is exactly the (If, S')-module V{H, S) constructed in [L4] . From Proposition 
4.3 therein, any vacuum A-module is a homomorphism image of V^. As Proposition 14.71 
provides a (nonzero) vacuum A-module, 7 ^ 0, or equivalently, 1 7 ^ 0. Thus 1) is 
a universal vacuum A-module. Furthermore, from Proposition 4.2 of |KL] . there exists 
a weak quantum vertex algebra structure on with 1 as the vacuum vector such that 
V (a, z) = V(z), V (b, z) = V*(z). The furthermore assertion on the module structure also 
follows. □ 

Remark 4.9. For the weak quantum vertex algebra V^, since Y{a,x) = Y{x) and 
Y{b,x) = Y*{x), we have 

dn = Yn, bn = Y* for n ez. (4.14) 

We also have 

Y (a, Xi)Y (a, X 2 ) + e^^~^^Y{d, X2)Y (a, Xi) = 0, 

Y(b, xi)Y(b, X 2 ) + e"2-"W(6, X 2 )Y(b, xi) = 0, 

Y (a, Xi)Y(b, X 2 ) + (b, X2)Y (a, xY = x7^6 ( — 

\Xi 

which imply (see |L3] i 

dnd = 0 = bnb for u > 0 , 
dob = 1 and dnb = 0 for u > 1 . 

Furthermore, we have: 

Theorem 4.10. is an irreducible quantum vertex algebra. 

Proof. Set S = {a, b} C V^. For any integer n, denote by Fn the linear span of vectors 


u 


( 1 ) 

mi 


‘U 


for r > 1 if u < 0, for r > 0 if n > 0, and for G S', uii E Z with mi + ■ • • + > —n 


(r) 1 

nir 
(0 


By Corollary 4.2 of 


= 0 for n < 0. From |KL] (Lemma 2.9), {fonjnez is an 


increasing hltration of such that 1 G Fq and 


M, 


^Fn c Fk+n-m-1 for u G Ffc, k,m,n E Z. 


Consider the associated graded vector space Gri7’(V(4) = Fn-i). From Proposi- 

tion_2.10 of |KL] . Gtf{V^) is a Z-graded nonlocal vertex algebra. Notice that d = a_il G 
Fi,b = b_il E Fi. Set 

a = a + Fq, b = b + Fq E Fi/Fq. 

Since d and b generate as a nonlocal vertex algebra, d and b generate Grp’(V)^) as 
a nonlocal vertex algebra. As = 0 for n < 0, Gri?(V( 4 ) is nonzero. From relations 
(14.bh - (14.71) . we see that Gyf{V^) is a module for the Glifford algebra C with a„, bn for 
n E Z acting as dn, bn, respectively. Gonsequently, GiFiV^) as a C-module is isomorphic 
to Vc. It follows that Gri?(fo 4 ) as a nonlocal vertex algebra is isomorphic to Ifo. Thus, 
Gr^(fo 4 ) is an irreducible module for Gtf{V^) viewed as a nonlocal vertex algebra. Then 
by Proposition 2.11 in |KLj . is an irreducible module for viewed as a nonlocal 
vertex algebra. Therefore, is an irreducible quantum vertex algebra. □ 
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As an immediate consequence we have: 

Corollary 4.11. Every vacuum A-module is irreducible and vacuum A-modules are 
unique up to isomorphism. 

As our main result we have: 


Theorem 4.12. Let W be a restricted A-module. Then there exists a (j)-coordinated 
V^-module structure Ywi-^z) on W, which is uniquely determined by Yw{d,z) = Y{z), 
Yw{b,z) = Y*{z). On the other hand, for any (^-coordinated V^-module (IT, IV), W is a 
restricted A-module with Y(z) = Tiy(a, z), Y*{z) = Yy/ip, z). 

Proof. With IT a restricted .A-module, from Theorem 14.41 the weak quantum vertex 
algebra {Uw)e generated by Uw = {x),Y*{x)} is a vacuum yl-module with W and 

Yp acting as Y{x)^ and Y*{x)^, respectively. Since the vacuum module (T^, 1) of A is 
universal, there exists an .A-module homomorphism p from T^ to {Uw)e, sending 1 to 
Iw We have 


p{d) = p{Y.A) = Y(xr_,lw = Y{x), p{b) = p{Yf,l) = Y*(xr_^lw = Y*{x) 

and 

p{Y (h, z)v) = p{Y{z)v) = Yf{Y(x), z)p{v) = T/(p(h), z)p{v), 
p{Y(h,z)v) = p{Y*{z)v) = Yf{Y*{x),z)p{v) = Yf{p(h),z)p{v) 

for V E V^. Since T^ as a nonlocal vertex algebra is generated by d and b, it follows that 
p is a homomorphism of weak quantum vertex algebras. Recall that IT is a canonical 
0-coordinated module for the weak quantum vertex algebra {Uw)e- Consequently, IT 
becomes a 0-coordinated VV-module with Yw{d,z) = Y{z) and Yw{b,z) = Y*{z). 

On the other hand, assume that IT is a ^-coordinated T^-module. From Propositions 
5.6 and 5.9 of |L5j . we have 

Yw{d, zi)Yw{d, Z 2 ) H— -Yw{d, Z2)Yw{d, zi) = 0, 

Zl 

Yw(b, zi)Yw(b, Z 2 ) H- Yw(b, Z2)Yw(b, zi) = 0, 

Zl 

Yw{d, Zi)Yw(b, Z 2 ) + —Yw{b, Z 2 )Yw{d, zi) 

Z2 


where we are using the fact that a„6 = 0 for n > 1 and dob = 1 (see Remark 14.9p . Thus, 
IT is an ^.-module with Y(z) = YiY{d,z), Y*{z) = Yw{b,z). As IT is a ^-coordinated 
IV-module, by the dehnition we have Y]y{d,z), Yyr(b,z) G £{W). Therefore, IT is a 
restricted ^.-module. □ 
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Combining Theorems 14.121 and 13.101 we immediately have: 

Corollary 4.13. A-modules for /i G form a complete set of equivalence class 

representatives of irreducible N-graded (f-coordinated V^-modules. 
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